
 

 

Particle in a 1-Dimensional box 

A particle in a 1-dimensional box is a fundamental quantum mechanical approximation 

describing the translational motion of a single particle confined inside an infinitely deep well 

from which it cannot escape. 

 

Consider a box where the potential energy is 0 inside the box (V=0 for 0<x<L) and goes to 

infinity at the walls of the box (V=∞ for x<0 or x>L). We assume the walls have infinite 

potential energy to ensure that the particle has zero probability of being at the walls or outside 

the box.  

 

Figure: A particle in a one-dimensional region with impenetrable walls. Its potential energy is 

zero between x = 0 and x = L, and rises abruptly to infinity as soon as it touches the walls. 

The time-independent Schrödinger equation for a particle of mass m moving in one direction 

with energy E is 
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ⅆ2

ⅆ𝑥2 + 𝑉](𝑥) = 𝐸(𝑥)       ---(1) 

 

Where, 

• m is the mass of the particle 

• ψ(x) is the stationary time-independent wavefunction 

• V(x) is the potential energy as a function of position 

• E is the energy, a real number 

 



 

 

Inside the box, the potential energy is zero. So the equation become  
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ⅆ2

ⅆ𝑥2
(𝑥) = 𝐸(𝑥)        ---(2) 

This equation has been well studied and gives a general solution of: 

(𝑥)=A sin(kx) + B cos(kx)        ---(3) 

where A, B, and k are constants. 

The solution to the Schrödinger equation we found above is the general solution for a 1-

dimensional system. We now need to apply our boundary conditions to find the solution to 

our particular system. According to our boundary conditions, the probability of finding the 

particle at x=0 or x=L is zero. When x=0, sin(0)=0sin(0)=0, and cos(0)=1cos(0)=1; 

therefore, B must equal 0 to fulfill this boundary condition. 

(𝑥)= A sin(k.0) + B cos(k.0) = 0       ---(4) 

       ⇒B cos0 = 0 

       ⇒ B = 0 

The wave function thus become      

(𝑥)=A sin(kx)         ---(5) 

Value of k: 

Differentiate the wavefunction with respect to x, 

𝑑𝑦

𝑑𝑥
(𝑥) = 𝑘𝐴 cos(𝑘𝑥) 

 

⇒
ⅆ2

ⅆ𝑥2 (𝑥) = −𝑘2𝐴 sin(𝑘𝑥) 

 

⇒
𝑑2

𝑑𝑥2
(𝑥) = −𝑘2(𝑥) 

 

Rearranging equation (2), we can get the value of 
ⅆ2

ⅆ𝑥2 (𝑥) as 
8𝜋2𝑚

−ℎ2  𝐸(𝑥). So, 
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 𝐸(𝑥)=   −𝑘2(𝑥) 

  

𝑘 = √
8𝜋2𝑚𝐸

ℎ2
  

Now we plug k into our wavefunction (5):  

 

(𝑥)=A sin(√
8𝜋2𝑚𝐸

ℎ2
 .x) 



 

 

Value of A: 

To determine A, we have to apply the boundary conditions again. Recall that the probability of 

finding a particle at x = 0 or x = L is zero. 

 (𝑥)=A sin(√
8𝜋2𝑚𝐸

ℎ2   . L) = 0 

This is only true when 

√
8𝜋2𝑚𝐸

ℎ2
  . L = nπ 

where n = 1,2,3… 

(𝑥)=A sin(
𝑛𝜋

𝐿
𝑥) 

To determine A, recall that the total probability of finding the particle inside the box is 1, 

meaning there is no probability of it being outside the box. When we find the probability and 

set it equal to 1, we are normalizing the wavefunction. 

∫ 2
(𝑥)𝑑𝑥 

𝐿

0

= 1 

∫ A sin(
𝑛𝜋𝑥

𝐿
)𝑑𝑥 

𝐿

0

= 1 

Using the solution for this integral from an integral table, we find our normalization 

constant, A: 

A = √
2

𝐿
 

Which results in the normalized wavefunction for a particle in a 1-dimensional box: 

(𝑥)=√
2

𝐿
  sin(

𝑛𝜋

𝐿
𝑥) 

Determine the Allowed Energies 

Solving for E results in the allowed energies for a particle in a box: 

𝐸 =  
𝑛2ℎ2

8𝑚𝐿2
 

This is an important result that tells us: 

1. The energy of a particle is quantized and 

2. The lowest possible energy of a particle is NOT zero. This is called the zero-point 

energy and means the particle can never be at rest because it always has some kinetic 

energy. 

The wavefunction for a particle in a box at the n=1, n=2 and n=3 energy levels look like this: 



 

 

 

n= 1    n= 2    n=3 

 

 

Questions:  

 

 



 

 

 

 

 

 

 

 



 

 

 

 

One dimensional box. 

 
One dimensional box. 

 

 

 



 

 

 


